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I. INTRODUCTION 
If one of the physical properties of a conductor is unknown, then it will be 
shown for the case of unknown diffusivity of a homogeneous finite conduc- 
tor, the case of unknown length of a finite homogeneous conductor, and 
the case of an unknown distance from the boundary to the interface between 
a finite homogeneous conductor and a semi-infinite homogeneous conductor 
that a measurement of the flow rate on the boundary at one instant in time 
is sufficient to determine uniquely the unknown physical property and the 
temperature distribution. 
II. UNKNOWN DIFFUSIVITIES OF HOMOGENEOUS CONDUCTORS 
Consider the problem of determining a positive constant K and a function 
U(X, t) which is Cl in 0 < x < 1, 0 < t < T, such that the pair (K, u) satis- 
fies 
(4 Ut = KU 3% 9 O<x<l, O<t<T, 
(b) u(x, 0) = 0, O<x<l, 
(4 40, 9 = f(t), O<t<T, f(O) = 0, (2-l) 
(4 41, q = &), O<t<T, g(O) = 0, 
(e> - ,OCKU,(o, to) = h, 0 < t, < T, 
where K is the unknown diffusivity, p is the known density, c is the known 
specific heat, h is a known constant, andf(t) andg(t) are known functions oft. 
REMARK. Note that it is necessary to measure the heat flow rate for just 
a single time. Also, as K is regarded here as a constant, (2.1) is really a special 
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case of the problem of variable unknown diffusivity a(t) which has been 
treated by Jones and Douglas (1, 21. The method given in [l, 21 seems 
unduly complicated in the opinion of the author to be applied to this sim- 
ple case. Hence, the author is proposing an alternate approach for (2.1). 
Assume that a solution of (2.1) exists. Then [3, 41, for continuous f(t) 
and g(t), 
t 8M(X, K(t - T)) 
4% 4 = - 1, - & --f(~) icd7 + 1: ~!!!ix - ;;K(f-rl)r(~) /cdT, ** 
(2.2) 
where 
jq.f, 0) = ,-1/2,-v 2 [ exp 
- (E + Y2 
40 -> 1 u > 0. (2.3) n=-cc 
If f(t) and g(t) are continuously differentiable, then Leibnitz’s rule can be 
applied for 0 < x < 1, 0 < t < T to obtain 
%!(x, t) = - J 
t a2M(% ‘+ - ‘))ftT) KdT 
0 
ax2 
+ j-1 a2M(x -a;2K(’ - T))g(T) KdT. (2.4) 
Since 
it follows that 
t i?M(X, K(t - T)) 
-------a7 f(T) dT - j-, 
t aM(x - 1, K(t - T)) g(T) d 
aT __ 7. 
0 
(2.6) 
As f(0) = g(0) = 0 and 
ljl$ M(X - [, K(t - T)) = 0, xf 4, (2.7) 
then 
u&c, t) = - s: M(x, K(t - T>)f’(T) dT 
+ St M(” - 1, K(t - T)) g’(T) dT, 0 <x < 1. (2.8) 
0 
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By Lebesgue’s dominated convergence theorem, 
iii Z&(X, t) = - 1’ M(o, K(t - T))~(T) dr + 1” M(- 1, K(t - T))g’(T) dT. 
0 0 
(2.9) 
Set 
G(t, K) = - 1’ M(o, K(t - T))~‘(T) dr + J“ M(- 1, K(t - T))g’(T) d7 
0 0 (2.10) 
and 
F(K) = - PCK G(to , K). (2.11) 
Then, from (e) of (2.1), it follows that 
h = F(K). (2.12) 
Thus, if (2.1) possesses a solution, then the diffusivity K must satisfy (2.12). 
Now, (2.1) and (2.12) are equivalent in the following sense. 
THEOREM 2.1. lff( t) and g( t) are continuously diferentiable for 0 < t < T, 
then problem (2.1) possesses a unique solution if and only if (2.12) possesses 
exactly one positive solution K. 
PROOF. Assume that (2.1) possesses a unique solution. By previous 
analysis, it follows that (2.12) possesses a positive solution K. I f  K is not the 
only positive solution of (2.12), then there exists K1 > 0 and ~a > 0, K1 # KS , 
such that each is a solution of (2.12). Set 
\ t Ui(X, t) = - aM(x, Ki(t - T)) f (T) Ki dT 
‘0 ax 
+fo 
t aM(x - l, Ki(t - T))g(T) Ki dT 
ax , i = 1,2. (2.13) 
Clearly, the pairs (Ki , z(~), i = 1, 2, form two distinct solutions of (2.1). 
This contradicts the hypothesis that (2.1) p assesses a unique solution. Thus, 
K is the only positive solution of (2.12). 
Assume now that (2.12) possesses exactly one positive solution K. Then, 
K and u(x, t), defined by (2.2), form a solution of (2.1). The uniqueness follows 
as above. 
Consider the equation (2.12). 
THEOREM 2.2. I f  f(t) and g(t) are Cl for 0 < t < T with f(t) f  0, 
f’(t) > 0, and g’(t) < 0 for 0 < t < to and if h > 0, then (2.12) possesses 
exactly one positive solution K. 
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PROOF. Since KM(O, ~(t,, - T)) and KM( - 1, K(& - T)) possess continu- 
ous integrable derivatives with respect to K for K > 0, it follows from [5] 
that F(K) is continuously differentiable for K > 0 and that F’(K) > 0, K > 0. 
Thus, F(K) is a strictly increasing function. Hence, in order to show that 
(2.12) has exactly one positive solution K, it suffices to show that 
?‘i::(K) = 0 (2.14) 
and 
$2 F(K) = 05. (2.15) 
As 
exp {- x} < x-l, x > 0, 
it follows from (2.3) and (2.11) that 
F(K) < cK1’2, (2.16) 
where C is some positive constant. Thus, (2.14) is valid. As 
(2.17) 
relation to (2.15) holds. 
REMARK. Note that constructing a graph of F(K) suffices to provide a 
numerical solution for K. Moreover, the graph of F(K) can also be obtained 
approximately by solving (2.1, a-d) numerically [6] for various K and evaluat- 
ing - ~cKu,..~, to) from the numerical approximation. 
Before the dependence of K upon the data tan be considered, an a priori 
bound for K must be derived. Since 
K = - h[pcG(to, K)]-’ (2.18) 
it follows from the hypothesis of Theorem 2.2 that 
As K > 0, 
to f’(T) dT) -’ = y. 
0 &T(to - T) f 
(2.19) 
(2.20) 
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Let 
(2.21) 
for any functionf(t) defined on 0 < t < t, . Let fi(t), gi(t), and hi , i = 1, 2 
satisfy the hypothesis of Theorem 2.2. Consider 
hi = Fi(Ki), i= 1,2. (2.22) 
Now 
AI - h, = [Fd’%) - &(‘%)I + [F,(‘%) - F,(K,)l. (2.23) 
As 
+ ($ pc .,,-1’2y;‘2t,s’2 II j; - fi’ I Ito 
(2.24) 
+ g, pc n-1’2y;‘2#2 I I g; - g; I Ito 
it follows from the differentiability of F,(K) that 
IK1-K21$C~(1hl-h21+C111f;-f~Ilto+C211g;-g~IIt~), (2.25) 
where 
min {f$>, f&N dT -l 
l/?rft, - 4 max (n , y2j ’ 
(2.26) 
This implies that the positive solution 
K = ‘@, f, g> (2.27) 
is locally Lipschitz continuous in its arguments. Therefore, the positive 
solution of (2.12) depends continuously upon the data. 
In concluding this section, it should be noted that similar analysis for 
determining the thermal diffusivity of a part of a composite infinite medium 
and a part of a composite semi-infinite medium has been done [7]. In both 
cases, the determination of the diffusivity is reduced to plotting the graph 
of a monotone function. 
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III. UNKNOWN LENGTH OF A FINITE HOMOGENEOUS CONDUCTOR 
Consider the problem of determining a positive constant v and a function 
U(X, t) which is Cl in 0 < x < Y, 0 < x < T such that the pair (v, U) satisfies 
(4 Ut = u er 9 o<x<v, O<t<T, 
(b) u(x, 0) = 0, o<x<v, 
(4 40, t> = f(t), O<t<T, f(O) = 0, (3.1) 
(4 u(v, t> = g(t), O<t<T, g(O) = 0, 
(e) - %(O, to) = k 0 < t, d T, 
where v is the unknown length of the conductor. It is assumed that the bound- 
ary at x = 0 is accessible for temperature and heat flow measurements, 
while the behavior of these quantities at x = v must be assumed to be known 
a priori or to be measurable in some fashion which does not require the 
location of this boundary to be known. 
Consider the transformation x = v[, 0 < 5 < 1. Set 
U(%, t) = u(d1 t). 
Then, it is clear from 
UC = vu, 
that (3.1) is equivalent with 
(4 u, = (W2) u,, 3 O<{<l, 
(b) w, 0) = 0, 0<5<1, 
(4 w, t> =fW, O,(t<T, 
(d) w, t) = g(t), O<t<T, 
(e) - WV) u#, to) = k 0 < t, < T. 
(3.2) 
(3.3) 
O<t<T, 
f(O) = 0, (3.4) 
g(0) = 0, 
By the analysis of Section II, it follows that (3.4) is equivalent to the equation 
h = - (;) G (fO , f, = qv). (3.5) 
Now, if f(t) and g(t) satisfy the hypothesis of Theorem 2.2, then it can be 
shown by elementary techniques that H(v) is a strictly decreasing function 
for v > 0 such that a < H(v) < 00, where 
s t0 a = f’(4 &* II &r(to - T) 
2 
(3.6) 
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Therefore, if f(t) and g(t) satisfy the hypothesis of Theorem 2.2 and if 
a < h < 00, then (3.5) possesses exactly one positive solution V. Moreover, 
by an argument similar to that of Section II [7], the positive solution 
” = v(h,f,g) (3.7) 
of (3.5) is locally Lipschitz continuous. 
For an alternate approach to the determination of the length of a finite 
conductor, consider 
(4 ut = u,, 9 o<x<v, O<t<T, 
(b) 24(x, 0) = 0, o<x<v, 
(4 - @-4 t) = h(t), O<t<T, (3.8) 
(4 ~(6 t) = i(t), O<t<T 
(e) 40, to) = f, 0 < to < T, 
where v  is the unknown length, U(X, t) is unknown, and all of the rest is 
known data. For continuous h(t) and i(t), the solution of (3.8, a-d) is given by 
u(x, t) = St {M(x, t - T, v) h(T) + M(x - V, t - T, v) i(T)} dr, (3.9) 
0 
where 
+w 
M([, u, v) = 7+47-l/2 z: 1 exp 
- (I + 2d2 , u > 0. (3.10) 
n=--m 40 t 
Hence, it follows immediately that v  must satisfy 
f = I” (M(0, to - T, v) h(T) + M(- v, to - 7, v) i(T)> dT. (3.11) 
Jo 
Moreover, if 
(4 h(t) 2 0, 
(b> i(t) 3 0, 
(4 
where 
h(t) f 0 for 0 d t < to; 
for 0 < t < to; (3.12) 
b<f<-, 
(3.13) 
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then 
F*(v) = jto (M(0, to - T, v) h(7) + M(- v, to - T, v) I} d7 (3.14) 
0 
is a strictly decreasing function of v. Hence, (3.11) possesses exactly one 
positive solution v. 
IV. UNKNOWN DISTANCE TO AN INTERFACE BETWEEN A FINITE CONDUCTOR 
AND A SEMI-INFINITE CONDUCTOR 
Consider the problem of determining an unknown positive constant v 
and a bounded function u(x, t) which is Cl in 0 < x < v, v < x < ~0, 
0 < t < T, such that the pair (v, u) satisfies 
(4 Ut = KI%, > o<x<v, 
(b) Ut = ‘$9,~ , v<x<m, 
Cc) li: u(x, t) = iii u(x, t), 
(4 limplclKl%&, t) = ~~pZCZK2 udx, t)T 
XT" 
(e> u(x, 0) = 0, 0-cX-c~) 
( f ) 40, t> = f(t), O<t<T, 
(g> PlClKl u,(o, to) = k 
O<t<T, 
O<t<T, 
O<t<T, 
O<t<T, (4.1) 
0 < to d T, 
REMARK. A problem similar to (4.1) arises from the acid treatment of an 
oil well. 
Assume that f(t) is continuously differentiable and Lebesgue integrable 
for 0 < t < T withf(0) = 0. If problem (4.1) p ossessed a solution, then using 
the representation of the solution of (4.1, a-f) which is given by (1.7) of the 
appendix and an argument which is step by step similar to that of Section II, 
it follows that v must satisfy the nonlinear equation 
to 
h = - PICIK1 
‘(‘) 
0 &Kl(to - T) 
) 1 + 2 g o1” exp [K1{orT,] 1 dr. (4.2) 
By an argument similar to that of Theorem 2.1, (4.1) and (4.2) are equivalent 
in the sense that (4.1) possesses a unique solution if and only if (4.2) possesses 
exactly one positive solution v. The existence of exactly one positive solution 
of (4.2) will be broken into the cases: 01 > 0, (Y < 0, OL = 0 (a defined by (1.5) 
in the Appendix). 
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Solution of the Nonlinear Equation for the Case a: > 0 
In addition to the previous hypothesis on f(t), assume that 
(4 f(t) f 09 f’(t) a 0 for 0 < t < to, (4.3) 
(b) a<h<b, 
where 
and 
s 
to 
’ = - PICIK1 0 
(4.4) 
(4.5) 
Define the function F(u) by the relation 
I 
to 
F(v) = - PlClKl f'(T) 
0 h&, - T) 
]1 + 2% @exp [ Kl&TT) ]I dT9 
v > 0. (4.6) 
Since 0 < 01 < 1, it follows that F(V) is continuously differentiable for 
0 < Y < 01 with derivative 
s 
to f’(T) - n2v2 F’(v) = 4 PICIKl 
K&o - T, 
dr > 0. 
0 &{Kl(tO - T)}3/2 
(4.7) 
Thus, F(v) is strictly increasing. AS 
l&F(v) = a (4.8) 
and 
?;??F(v) = b, (4.9) 
it follows that (4.2) possesses exactly one positive solution. 
REMARK. Using the techniques of Section II, it can be shown [7] that the 
solution v  depends continuously upon the data. 
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Solution of the Nonlinear Equation for the Case a < 0 
In order to treat this case, assume the existence of an a priori lower bound 
for V; i.e., to (4.1) add the condition that 0 < /3 < Y. This means that in 
order for (4.1) to have a unique solution, exactly one solution Y 3 p of (4.2) 
must be found. Assume in addition to the hypothesis onf(t) that 
(4 
(b) 
where 
0 < t, < 8% , 
b<h<d, 
(4.10) 
d = - PICIKl 
s 
(4.11) 
As above, F(v) defined by (4.6) for Y > p > 0 is continuously differentiable 
with its derivative given by (4.7) f or Y > /3 > 0. Note here that the derivative 
certainly exists since - 1 < 01 < 0. Consider the series 
m 
z n2ciu” exp 
- n2v2 
?kl Kdto - 7) 1 (4.12) 
which is an alternating series since a! < 0. Now, the function 
S(x) = x2 exp {- px2}, CL > 0, x > 0, (4.13) 
has its maximum at 
Setting 
x = p-112. (4.14) 
(4.15) 
the function 
x2 exp 1 
- xv i 
q(t, - T) ) ’ 
x > 0, 
has its maximum at 
4 Kdto - T) x= Kl v%l) = E < l \ - 
V V V 
(4.17) 
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Hence, for x > 1, the function S(X) is strictly decreasing. Thus, the series 
in expression (4.7) converges and is negative. Therefore, F’(v) < 0. Hence, 
for this case F(v) is a strictly decreasing function. As 
and 
liiF(v) = d (4.18) 
l&p(v) = b, (4.19) 
it follows that (4.2) possesses exactly one positive solution Y > fl > 0. 
REMARK. The solution Y > fi > 0 depends continuously upon the 
data [7]. 
Discussion of the Case 01 = 0 
In this case (note u = 1 et OL = 0) it can be shown that the solution of 
(4.1, a-f) is 
1 
u(x, t) = - 
t x 
2 dig s 0 (t - 4s’2 
exp 4Kli _” J f(t) d7, I 
o<x<v, O<t<T, 
t v + Rx - kv 
s 
- (V + ” - kV)2 
(4.20) 
0 (t - q/2 
exp 
4q(t - 7) 1 f(T) &, 
v<x<*, O<t<T, 
where k is defined by (1.3) of the Appendix. It can be seen immediately that 
the position of the interface v  has no effect upon the behavior of the solution 
of (4.1, a-f) in the neighborhood of the boundary x = 0. Hence, no heat flow 
test can be devised which will locate the interface from data taken at the boundary 
fur the case a = 0 (u = 1). 
It is possible that an a priori upper bound y  for v  might be known. Also, 
it is possible that at x = X* 3 y  heat flow measurements could be taken. 
Since for 01 = 0 the solution of (4.1, a-f) in the neighborhood of x = X* 
depends upon the location of the interface V, it is reasonable to consider 
the following problem: 
(4 Ut = qu, , o<x<v, O<t<T, v <If, 
(b) Ut = w42n: , v<x<*, O<t<T, 
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(c) liE 24(x, t) = $-y 24(x, t), O<t<T, 
(4 l,y PIWI 4~ 4 = -$y ~2~2~2 %4x, 9 O<t<T, (4.21) 
(e) u(x, 0) = 0, o<x<m, 
(f) 40, t) =f(t), O<t<T, 
k> PAKz %k , k) = h, 0 < to < T, x* > YJ 
where U(X, t) and v are unknowns. 
The equivalent nonlinear equation for v is 
s 
to 
h = - P2C2K2 f ‘(4 
1/ n&o - T) 
exp 1 - [‘* - v + WI2 ) & 
‘h(to - 7) ! ’ (4.22) 0 
This equation possesses exactly one positive solution v < y if in addition to 
the hypothesis on f(t) above, it is assumed that 
(4 if KI < K2 , p < h < q, or 
(b) if 62 < K1 , q<h<P, (4.23) 
where 
f 
to 
P = - PzC2K2 
f ‘(4 (4.24) 
0 d T’K2(to - 7) 
and 
s 
to 
P = - PZCZKZ 
f ‘(4 
d rK&o - T) 
exp (4.25) 
0 
- Ix* - Y + (Y/W\ dT* 
‘k&o - T) 
Finally, it can be shown [7] that the solution v of (4.22) depends continuously 
upon the data. 
REMARK. As in Section II, results similar to those in this section have 
been obtained for a composite infinite medium [7]. 
APPENDIX 
1. A Representation 
The object of this appendix is to find an explicit representation of a 
solution of the problem 
G-4 % = KlUz, , o<x<v, O<t<T, 
(b) Ut = ‘Q%z , V<X<“, O<t<T, 
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(4 li: u(x, t) = l$ u(x, t), O<t<T, 
(4 , :E f’$lKr %&, t) = ;~PPzCZ~Z %(x, t>, O<t<T, (l-1) 
(e> u(x, 0) = 0, o<x<*, 
w  40, t> = f(t), O<t<T, 
where pi , ci , and ui , i = 1, 2, are the densities, the specific heats, and the 
thermal diffusivities respectively, and to specify conditions on solutions of 
(1.1) which will imply the uniqueness of the explicitly represented solution. 
DEFINITION. A function w(x, t) is a solution of (1.1) if and only if the 
following conditions are satisfied: 
(a) V(X, t) is continuous in (x, t) for 0 < x < 00, 0 < t < T, v(x, t) is 
bounded for 0 < x < 00, 0 < t < t, < T, 
(b) a,, sty and Q, exist and are continuous in (x, t) for 0 < x < Y, 
v<x<m, and O<t<T; 
(c) (1.1) is satisfied by V(X, t). 
Iff(t) s V, a constant, then Carslaw and Jaeger [8] showed that 
U(X, t) = V - V 2 Ocn lerf (2n +i)zt ’ - ’ 
?t=0 
- serf (2n+1)v-x+v , 
[ 2 4qt 11 O<X<v , O<t<T, (1.2) 
where 
and 
V<X<“, O<t<T, 
k = 112 
Kl 
l/2 
lK2 P (1.3) 
u = P2W1,‘2/P,C,K, , l/2 (1.4) 
Lx= (0 - l>/(u + I), (1.5) 
V.6) 
satisfied (1.1). Now, if f(t) is a continuous Lebesgue integrable function for 
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0 < t < T with f(0) = 0, then it can be shown [7] by the method of 
Duhamel [4] that the solution of (1.1) is 
_ cy. (2n + 1) V - x + V exp - [(2n + 1) V - X + VI” - & 
2 l/n-Kl(t - T)312 ‘tKl(t - T)  
, 
o<x<v, O<t<T, 
x exp ! 
- [(2n + 1) v + kc - kv]” 
4Kl(t - T) )I ’ 
d7 
V<X<~, O<t<T, (1.7) 
where k, u, and 01 are defined by (1.3), (1.4), and (1 S) respectively. 
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